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S u m m a r y .  It  i s  s h o w n  t h a t  s o m e  p r o b l e m s  of  o p t i m i s i n g  s e l e c t i o n  r e s p o n s e  c a n  b e  s o l v e d  w i t h o u t  a s s u m i n g  a 
s p e c i f i c  f o r m  of  d i s t r i b u t i o n  f o r  t h e  t r a i t  of  i n t e r e s t .  To m a x i m i s e  t h e  s e l e c t i o n  l i m i t  u s i n g  s e l e c t i o n  a m o n g  a 
f i x e d  n u m b e r  e v e r y  g e n e r a t i o n ,  a l l  a b o v e  t h e  m e a n  s h o u l d  r e t a i n e d .  If  a f r a c t i o n  of  a p o p u l a t i o n  i s  s e t  a s i d e  a s  
a s i r e  b r e e d i n g  n u c l e u s ,  a n d  s e l e c t i o n  i s  at  o n e  s t a g e ,  m a x i m u m  r e s p o n s e  p e r  g e n e r a t i o n  o c c u r s  w h e n  t h e  n u -  
c l e u s  a s  a f r a c t i o n  of  t h e  w h o l e  p o p u l a t i o n  i s  t h e  s q u a r e  r o o t  of  t h e  s i r e s :  d a m s  r a t i o .  W h e n  a t r a i t  h a s  a n  o p -  
t i m u m ,  but  d e c l i n e s  i n  v a l u e  at  d i f f e r e n t  r a t e s  A a b o v e  a n d  B b e l o w  t h e  o p t i m u m ,  t h e  p o p u l a t i o n  m e a n  s h o u l d  
b e  c h o s e n  s o  t h a t  a f r a c t i o n  B / ( A  + B )  a r e  a b o v e  t h e  o p t i m u m .  

I n t r o d u c t i o n  a n d  

The  s e l e c t i o n  d i f f e r e n t i a l  p l a y s  a n  i m p o r t a n t  p a r t  i n  

q u a n t i t a t i v e  g e n e t i c s ,  s i n c e  t h e  r a t e  of  c h a n g e  of  t h e  

p o p u l a t i o n  m e a n  u n d e r  s e l e c t i o n  d e p e n d s  u p o n  i t .  W h e n  

d i v i d e d  by  t h e  p o p u l a t i o n  s t a n d a r d  d e v i a t i o n  i t  i s  c a l l e d  

t h e  s t a n d a r d i s e d  s e l e c t i o n  d i f f e r e n t i a l .  F o r  a g i v e n  p r o -  

p o r t i o n  p s e l e c t e d  f o r  a t r a i t ,  t h e  m a x i m u m  s t a n d a r d -  
dp - z  

i s e d  s e l e c t i o n  d i f f e r e n t i a l  i i s  o b t a i n e d  by  t r u n c a t i o n  of  dx = 

t h e  d i s t r i b u t i o n  at  a p o i n t  x s t a n d a r d  d e v i a t i o n s  f r o m  

t h e  m e a n  s o  a s  to  g i v e  t h e  r e q u i r e d  p r o p o r t i o n  s e l e c t e d ,  a n d  

In m a n y  a p p l i c a t i o n s  t h e r e  i s  a n  o p t i m u m  f r a c t i o n  p 

s e l e c t e d ,  a n d  to  f i n d  t h e  o p t i m u m  t h e  a p p r o p r i a t e  c r i -  

t e r i o n  f u n c t i o n  of  t h e  s e l e c t i o n  d i f f e r e n t i a l  i s  d i f f e r e n -  

t i a t e d  w i t h  r e s p e c t  to  p in  o r d e r  to  o b t a i n  s t a t i o n a r y  

v a l u e s .  The  d i s t r i b u t i o n  i s  u s u a l l y  t a k e n  a s  n o r m a l  f o r  

t h i s  p u r p o s e ,  s i n c e  s u c h  t r a i t s  of  i n t e r e s t  a s  f l e e c e  

w e i g h t  a n d  m i l k  p r o d u c t i o n  a r e  n e a r l y  n o r m a l l y  d i s t r i -  

b u t e d .  On ly  o c c a s i o n a l l y  a r e  o t h e r  d i s t r i b u t i o n s  d i s -  

c u s s e d ,  e . g .  J a m e s  ( 1 9 6 6 ) .  It wi l l  b e  s h o w n  h e r e  t h a t  

s o m e  p r o b l e m s  m a y  b e  s o l v e d  w i t h o u t  a s s u m i n g  a s p e -  

c i f i c  f o r m  of d i s t r i b u t i o n .  

CO 

i = p - 1  f u f ( u ) d u .  

X 

(a) 

F r o m  (1 )  a n d  (2 )  i t  f o l l o w s  at o n c e  t h a t ,  i f  z = f ( x ) ,  

d ( p i )  = _ xz  
dx 

s o  t h a t  

d ( p i )  = x .  
dp 

H o w e v e r ,  

d ( p i )  d i  
dp =P'd ' -p + i  

a n d  s o  

(3 )  

( 4 )  

( 5 )  

R e s u l t s  a n d  D i s c u s s i o n  

Let U b e  a c o n t i n u o u s  v a r i a t e  s t a n d a r d i s e d  to  h a v e  

m e a n  z e r o  a n d  v a r i a n c e  u n i t y ,  w i t h  p r o b a b i l i t y  d e n -  

s i t y  f u n c t i o n  f ( u ) .  If  a f r a c t i o n  p i s  s e l e c t e d  by  t r u n -  

c a t i o n  at  x to  g i v e  a s t a n d a r d i s e d  s e l e c t i o n  d i f f e r e n -  

t i a l  i ,  t h e n  

(3O 

p = J" f ( u ) d u ,  ( 1 )  

X 

d i  : i - x ( 6 )  
dp - p 

a n d  

d i  ( i  - x ) z  
dx p ( 7 )  

F o r  a n o r m a l  d i s t r i b u t i o n  i = z / p  a n d  t h i s ,  t o g e t h e r  

w i t h  t h e  r e s u l t  t h a t  d z / d x  = - xz ,  i s  o f t e n  u s e d .  

A m o n g  m a n y  o t h e r s  e x a m p l e s  c a n  b e  f o u n d  in  R o b e r t -  

s o n  ( 1 9 5 7 ,  1960 ,  1970)  a n d  J a m e s  ( 1 9 6 6 ,  1 9 7 2 ) .  We  
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now consider some examples in which general solu- 

tions can be obtained. 

E x a m p l e  1. 

R o b e r t s o n  (1960)  s h o w e d  tha t  t h e  u l t i m a t e  l i m i t  to  

s e l e c t i v e  a d v a n c e  i s  a m o n o t o n i c  i n c r e a s i n g  f u n c t i o n  

of Ni, where N is the number of parents used. If a 

total of T animals are available for selection each 

generation and a fraction p are selected, N = Tp and 

total advance is a monotonic increasing function of pi. 

We thus want to maximise pi and find from (5) this 

occurs when x = 0. We should therefore select all 

animals above the mean. For a symmetrical distribu- 

tion this implies p = 0.5 as Robertson found for a 

normal distribution. For skewed distributions the op- 

timum will be to select some fraction other than 0.5. 

dS 
= ( (i ( b / q ) -  x ( b / q )  ) - (i ( a q ) -  x ( a q )  ) ) / q .  

dS 
Thus f o r  - ~  = 0 we  r e q u i r e  

i ( b / q )  - x ( b / q )  = i ( a q )  - x ( a q ) .  

If i - x i s  a o n e - t o - o n e  f u n c t i o n  of  p t h i s  i m p l i e s  

t ha t  b / q  = aq .  Thus  f o r  all  d i s t r i b u t i o n s  f o r  w h i c h  

i - x d i f f e r s  f o r  al l  v a l u e s  of  p t h e  p r o p o r t i o n  of  f e -  

m a l e s  u s e d  to  b r e e d  m a l e s  s h o u l d  be  t h e  s q u a r e  r o o t  

of  t h e  r a t i o  of  s i r e s  to  d a m s ,  q = (b /a )  1/2 .  In A u s -  
] 

t r a l i a n  M e r i n o  s h e e p  it i s  c u s t o m a r y  to  u s e  2 r a m s  

p e r  100 e w e s ,  so  about  o n e - s e v e n t h  of  t h e  t o t a l  f l ock  

s h o u l d  be  u s e d  to  b r e e d  m a l e  r e p l a c e m e n t s  u n d e r  t h e  

c o n d i t i o n s  a s s u m e d  h e r e .  Many  d i s t r i b u t i o n s  a r e  s u c h  

tha t  i - x d e t e r m i n e s  p ( e . g .  n o r m a l )  but not  all  a r e  

( e .  g .  e x p o n e n t i a l ) .  

Example 2. 

If a breeding program is set up so that only progeny 

of the best dams, which have been mated to the best 

sires, are considered as potential sires, then as shown 

by Dickerson and Hazel (1944), the rate of genetic 

change is proportional to S = iMM + iMF + iFM + iFF , 

where iMM is the standardised selection differential 

applied to males used to breed males, iMF is for 

males used to breed females, and so on. We assume 

selection is carried out at a single stage and that the 

age structure and generation interval are fixed. The 

vital statistics are such that a fraction a of all female 

progeny are needed as replacements and the ratio of 

breeding males to females is b: a. The fraction of 

breeding females used to breed potential sires is q. 

What value of q will maximise S and thus the rate of 

genetic gain? The selection intensity for females to 

breed females is a, and since a fraction q are parents 

of males the selection intensity for females to breed 

males is aq. The selection intensity for males to breed 

males is b, but since males to breed females come 

only from a fraction q of the population, their selec- 

tion intensity is b/q. Then if i (p) denotes the stand- 

ardised selection differential for a fraction p selected, 

we have 

S = i(b) + i(b/q) + i(aq) + i(a). 

T h e r e f o r e  

E x a m p l e  3. 

This  e x a m p l e  in  t h e  c a s e  of  a n o r m a l  d i s t r i b u t i o n  w a s  

s h o w n  to  m e  by M r .  I . R .  H o p k i n s .  S u p p o s e  tha t  a 

p a r t i c u l a r  c h a r a c t e r  h a s  an o p t i m u m ,  and  tha t  an a n t -  

m a l ' s  e c o n o m i c  v a l u e  d e c l i n e s  l i n e a r l y  wi th  d e v i a t i o n  

f r o m  t h e  o p t i m u m .  The r a t e  of  d e c l i n e  of  e c o n o m i c  

v a l u e  i s  a s y m m e t r i c a l ,  b e i n g  A p e r  s t a n d a r d  d e v i a -  

t i o n  a b o v e ,  and  B p e r  s t a n d a r d  d e v i a t i o n  b e l o w  t h e  

o p t i m u m .  D e g r e e  of  f a t n e s s  of  t h e  c a r c a s e  in  m e a t  

a n i m a l s  m a y  be  s u c h  a c h a r a c t e r .  A p o p u l a t i o n  h a s  

a f i x e d  f o r m  and  v a r i a n c e ,  but i t s  m e a n  c a n  be  s h i f t e d .  

What  m e a n  f o r  t h e  c h a r a c t e r  wi l l  m a x i m i s e  t h e  a v e r a g e  

e c o n o m i c  v a l u e  of  t h e  p o p u l a t i o n ?  D e f i n e  the  l o s s  p e r  

i nd iv idua l  as  t h e  a m o u n t  by w h i c h  it i s  b e l o w  t h e  m a x -  

i m u m  e c o n o m i c  v a l u e .  Let t h e  o p t i m u m  be x s t a n d a r d  

d e v i a t i o n s  f r o m  t h e  m e a n  so  tha t  a f r a c t i o n  p a r e  a b o v e  

the  o p t i m u m  wi th  s t a n d a r d i s e d  s e l e c t i o n  d i f f e r e n t i a l  i .  

Then t h e  s t a n d a r d i s e d  s e l e c t i o n  d i f f e r e n t i a l  f o r  t h e  

f r a c t i o n  (1 - p) b e l o w  t h e  o p t i m u m  is  - p i / ( 1  - p ) .  

The m e a n  l o s s  f o r  t h o s e  a b o v e  t h e  o p t i m u m  i s  A ( i  - x)  

w h i l e  f o r  t h o s e  b e l o w  t h e  o p t i m u m  t h e  m e a n  l o s s  i s  

B ( p i / ( i  - p)+ x ) .  Thus t h e  a v e r a g e  l o s s  o v e r  t h e  w h o l e  

p o p u l a t i o n  i s  

L - p A ( i  - x)  + (1 - p ) B ( p i / ( 1  - p) + x)  

= (A + B)p(i - x) + Bx. 

Then 

dL 
~ - =  - p ( A  + B) + B 
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dL 
a n d  o n  s e t t i n g  ~ = 0 we f i n d  t h e  m e a n  s h o u l d  b e  

s h i f t e d  to  a po in t  w h e r e  t h e  f r a c t i o n  a b o v e  t h e  o p t i m u m  

i s  B / ( A  + B ) .  W h e n  t h e  r a t e  of  d e c l i n e  i s  s y m m e t r i -  

c a l  (A = B)  t h i s  g i v e s  t h e  i n t u i t i v e l y  o b v i o u s  r e s u l t  

t h a t  h a l f  t h e  p o p u l a t i o n  s h o u l d  b e  a b o v e  a n d  h a l f  b e l o w  

t h e  o p t i m u m .  W h e n  t h e  p o p u l a t i o n  i s  no t  s k e w ,  t h e n  

t h e  m e a n  a n d  o p t i m u m  c o i n c i d e .  H o w e v e r ,  i n  g e n e r a l ,  

u n e q u a l  f r a c t i o n s  a b o v e  a n d  b e l o w  t h e  o p t i m u m  wi l l  b e  

s u p e r i o r .  

In t h e s e  e x a m p l e s  s o l u t i o n s  c a n  b e  f o u n d  w i t h o u t  

a s s u m i n g  a s p e c i f i c  f o r m  of  d i s t r i b u t i o n .  T h i s  c a n n o t  

a l w a y s  b e  d o n e .  J a m e s  ( 1 9 7 2 )  d e a l t  w i t h  t h e  s u m  of  

d i s c o u n t e d  r e t u r n s  f r o m  a b r e e d i n g  p r o g r a m m e  of  

f i x e d  s i z e ,  a n d  s h o w e d  t h a t  t h e  c r i t e r i o n  to b e  m a x -  

i m i s e d  i s  p i / ( 2 T R p  + 1 ) ,  w h e r e  T i s  t h e  n u m b e r  of  

a n i m a l s  a v a i l a b l e  f o r  s e l e c t i o n  a n d  R i s  t h e  d i s c o u n t  

r a t e .  F r o m  t h e  a b o v e  r e s u l t s  t h e  m a x i m u m  o c c u r s  

w h e n  

X 
= 2RT.  

T h i s  e q u a t i o n  h a s  to  b e  s o l v e d  f o r  t h e  p a r t i c u l a r  d i s t r i -  

b u t i o n  i n v o l v e d .  J a m e s  g a v e  a s o l u t i o n  f o r  t h e  n o r m a l  

d i s t r i b u t i o n .  A l t h o u g h  g e n e r a l  s o l u t i o n s  a r e  no t  a l -  

w a y s  p o s s i b l e ,  i t  s e e m s  w o r t h w h i l e  to  u s e  t h e  a p -  

p r o a c h  d e v e l o p e d  h e r e  in  c a s e  t h e r e  m a y  b e  a g e n e r a l  

s o l u t i o n ,  s i n c e  p a r t i c u l a r  s o l u t i o n s  f o r  s p e c i f i c  d i s -  

t r i b u t i o n s  c a n  b e  o b t a i n e d  a s  s p e c i a l  c a s e s .  
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